We analyse the entanglement entropy properties of a two-dimensional p-wave superconductor with Rashba spin-orbit coupling, which displays a rich phase-space that supports non-trivial topological phases, as the chemical potential and the Zeeman term are varied. We show that the entanglement entropy and its derivatives clearly signal the topological transitions and provides a sensible signature of each topological phase. We separately analyse the contributions to the entanglement entropy that are proportional to or independent of the perimeter of the system, as a function of the Hamiltonian coupling constants and the geometry of the subsystem. We conclude that both contributions are generically non-universal depending on the specific Hamiltonian parameters and on the particular geometry. Nevertheless, contributions to the entanglement entropy due to different kinds of boundaries or edges simply add up. We also observe a relationship between a topological contribution to the entanglement entropy in a half-cylinder geometry and the number of edge states, and that the entanglement spectrum has robust modes associated with each edge state.
I. INTRODUCTION
Topological phases of matter are characterised by global entanglement and correlations. Due to their nonlocal nature, topologically ordered phases are robust to local perturbations and have therefore received wide attention in the context of error-free quantum computation and quantum information processing.
Although a full classification of topological phases is far from being achieved, very important steps have been given in this direction, in particular in the context of gapped non-interacting systems where a complete classification has been put forward 1 . For those, the characterisation and detection of topological phases may be achieved by certain topological invariants associated with the filled energy bands. In the case of certain insulator classes such invariants can be associated with direct physical response functions such as a quantised Hall conductivity.
A manifestation of topologically ordered phases is the appearance of gapless symmetry-protected edge modes at the interface between topologically distinct phases.
On the experimental side an increasing activity has been seen in the search for new the topological insulators and topological superconductor materials. Various experimental signatures have been proposed and considerable experimental evidence has by now been found [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . The absence of a local order parameter and the impossibility to use Landau symmetry breaking arguments turn topological phases into one of the most successful examples where entanglement measures, such as the entanglement entropy, bring new insights that could be hardly achieved by other more traditional methods. The use of quantum information concepts in condensed matter physics has already been extensively considered with entanglement measures being used to probe properties of many body states 20 and to detect quantum phase transition 21 . Kosterlitz-Thouless transitions, laking a local order parameter, were successfully detected calculating the fidelity susceptibility of the XXZ spin chain 22, 23 . Many other systems were also studied such as the onedimensional Hubbard model 24, 25 , spin-1/2 particles on a torus 26 , the toric code model and the quantum eightvertex model 27 , the spin honeycomb Kitaev model [28] [29] [30] [31] [32] , as well as other spin systems 33, 34 . In the thermodynamic limit, the ground state of a local Hamiltonian having a finite energy gap is characterised by short range correlations of local observables. For such systems, the ground state entanglement entropy of a subsystem A: S A = Trρ A ln ρ A (with ρ A the reduced density matrix of the subsystem) follows the so-called area law, i.e. it is proportional to the size of the boundary of A in the limit of asymptotically large systems. Nonetheless sub-leading corrections are expected. For a two dimensional system with perimeter P the area law 35 translates to:
Here ξ A is a non-universal constant term, γ A contains the non-extensive contributions and · · · denote other contributions that vanish as L → ∞. In a gapped system, where correlations are short ranged, it is expected that the entanglement entropy between two regions should follow the area law (the boundary between the two sub rearXiv:1312.7782v1 [cond-mat.supr-con] 30 Dec 2013 gions); if a phase has topological order, where some long range entanglement is expected, then there should be an entropy reduction with respect to the area law of a nontopological gapped system. The non-extensive corrections have been shown to encode subtle effects due to the presence or absence of topological and/or long range order. Some contributions to γ A are universal, in the sense that they are robust to transformations that do not close the gap, and, in some cases, can be assigned to a given phase of mater. However, this information can be masked by non-universal terms dependent on the particular geometry of A.
A prescription to extract the topological content of the entanglement entropy was given by Kitaev and Preskil 36 and Levin and Wen 37 . In their proposals they engineer particular ways to extract a universal topological contribution, here denoted as γ Topo , from the non-extensive terms. This quantity, dubbed topological entanglement entropy (TEE), has been proposed to characterise certain topological phases in relation to the quantum dimension D of the system: γ Topo = ln(D) 36, 37 . Since then, γ Topo has been used as a signature of topological order in several systems as, for instance, in frustrated quantum dimer models and in the Kitaev honeycomb model 26, 38 , as well as applied to detect topological order in spin liquid states 39, 40 . A rich set of different behaviours have been found, in particular for gapped systems that spontaneously break a discrete symmetry where the correction to the area law has been observed to receive other contributions that may add up to the topological ones. This corrections are negative and are given by the logarithm of the number of degenerate groundstates 41 . For systems with gapped quasiparticle-like excitations but with gapless collective modes resulting from a spontaneous breaking of a continuous symmetry there are also negative corrections that diverge logarithmically as the system size grows 42 . For systems described by an Hamiltonian that is quadratic in the electronic operators, such as topological insulators or superconductors (with an externally fixed superconducting phase), γ Topo vanishes. Therefore, even for systems that cannot be adiabatically connected to trivial band insulators, there is no topological order in the sense of Ref. 43 . Nevertheless for a generic domain A, γ A is non-zero and depends on the particular domain geometry. This has been observed for instance in Ref. 44 for a p x + ip y spinless superconductor for which γ A is proportional to the number of corners of the partition. Moreover, even though the system has both a trivial and a nontrivial topological phases with quantum dimension D = 2, γ Topo vanishes in both and does not distinguish between these phases. A similar situation was identified in the context of Kitaev's model where for a cylinder geometry an extra contribution to the entanglement entropy (ln √ 2) was identified 45 . In this work we calculate the entanglement entropy of a p-wave superconductor where the presence of Rashba spin orbit coupling and a Zeeman term allow for a phase diagram that spans several topological nontrivial phases. We analyse both the extensive and non-extensive contributions to γ A in different geometries: a subsystem of an infinite system and a half of a cylinder. We also show that even though the TEE vanishes everywhere, a suitable choice of geometry enables the identification of the various topological phases, through a relation to the number of edge states, in agreement with other signatures such as the Chern and winding numbers. In section II we present the model studied and discuss its properties. In section III we present the formalism to calculate the entanglement entropy and the entanglement spectrum of a quadratic system. In section IV we present the results. In subsection A we analise the extensive contribution to the entanglement entropy and recover the overall characteristics of the phase diagram calculating the magnetization derivative of the entanglement entropy. In subsection B we consider the non-extensive contributions of a subregion of an infinite system and compare the results as a function of the shape of the various subregions and show that, even if γ Topo vanishes for an asymptotically large subregion, finite size effects are considerable and can be seen to clearly signal phase transitions. In subsection C we analise the case of a cylinder geometry and show that the non-extensive contribution to the entanglement entropy can be related to the number of edge states. We conclude with section V.
II. TRIPLET TOPOLOGICAL SUPERCONDUCTOR
Superconductivity with non-trivial topology may be obtained in several different ways 3 . However, noncentrosymmetric superconductors such as CePt 3 Si 46 or the more recently discovered Li2 Pd x Pt 3−x B 47 , where s and p-wave paring may coexist, constitute rather natural candidates from an experimental viewpoint. In this work we consider a model, recently proposed in Ref. 48 . that includes a Rashba-type spin-orbit coupling leading to a admixture of s-and p-wave pairing and a Zeeman splitting terms that breaks time reversal symmetry.
For simplicity we consider only a triplet paring term with p-wave symmetry. In the presence of a time-reversal breaking Zeeman term and Rashba spin-orbit coupling the phase diagram displays various transitions between topological phases characterized by different Chern numbers, as studied before in Refs. 19,48,49. The Hamiltonian is given byĤ
where
and k is the wave vector in the xy plane (the lattice constant is set to unity). The normal state Hamiltonian is given by
with t the hopping amplitude and F the chemical potential, is the kinetic part; M z is the Zeeman splitting field (in units of energy); and H R (k) = s · σ is the Rashba spin-orbit term with s = α(sin k y , − sin k x , 0). The Pauli matrices σ x , σ y , σ z act on the spin sector, and σ 0 is the identity.
We consider a unitary pairing contribution that reads
specifying the particular p-wave superconducting pairing. As the spin-orbit term breaks parity, a singlet pairing contribution is in principle also allowed but will not be considered here, for simplicity. Furthermore, we concentrate in the strong spin-orbit limit where the spin-orbit coupling is expected to be aligned with the paring vector d.s = ||s|| ||d|| 50 . If the spin-orbit coupling is not strong, weak-pairing case, the phase diagram is less rich 19 . Even though in each topological phase the spin-orbit coupling may be turned off without affecting the topology, its presence, together with the time-reversal symmetry breaking Zeeman term, leads to a nonvanishing anomalous Hall effect and a finite Hall conductivity that may be used to obtain information about the topological phases 19 . In the absence of the Zeeman field (M z = 0) timereversal symmetry is preserved and the system belongs to the symmetry class DIII. For this class the topological invariant belongs to Z 2 1,51,52 . In the presence of a Zeeman term, time-reversal-symmetry (TRS) is broken and the system belongs to the symmetry class D (the TRS operator T is such that T 2 = −1). The topological invariant that characterizes this class phase is the first Chern number C, and the system is said to be a Z topological superconductor. 
III. ENTANGLEMENT ENTROPY AND ENTANGLEMENT HAMILTONIAN
For quadratic Hamiltonians the entanglement entropy can be obtained calculating the eigenvalues of the single particle correlation matrix defined entirely in the subregion A [53] [54] [55] . In the following we briefly recall this procedure for a generic superconducting system and introduce some notation used in the subsequent sections. We usē A to denote the complement of A.
A −Ω 1/2 . For a electronic system whose density matrix is of the form just described, the reduced density matrix of any subsystem A is itself of the quadratic form ρ A = e
−1/2 C †
A Ω A C A /Z A (with C A a vector of annihilation and creation operators restricted to subsystem A). The matrix Ω A can be most simply obtained from the correlations matrix χ i,j = C i C † j as 53 :
and
A . χ A;i,j is obtained from the global correlation matrix χ by restricting the indices i, j to label degrees of freedom of subsystem A only. As a result of this simplification arising only for quadratic models, the entanglement entropy of a subsystem is given by
where λ α are the eigenvalues of χ A . The entanglement spectrum of a subsystem introduced by Li and Haldane 56 is defined as set of eigenvalues of the logarithm of the reduced density matrix: Ω A = − ln ρ A + c, up to an overall additive normalization constant c. The many body operator Ω A can be interpreted as an effective Hamiltonian if the subsystem A was taken to be in a Gibbs state at temperature T = 1. The entanglement spectrum was shown to contain information about states along the boundary between the two subsystems, including excited states [57] [58] [59] [60] . When the topological phases result from inversion symmetry 61 it was shown to provide a more robust signature of the topology than the edge states. Its usefulness is also evident in the analysis of the spectral flow of the entanglement spectrum, in particular the trace index, which may be related to changes in the Chern number in topological insulators 62, 63 . For quadratic systems it is natural to define the so called "entanglement Hamiltonian" 56 as
here the constant − ln Z A was chosen in order for the spectrum of Ω A to be particle-hole symmetric. The eigenvalues of Ω A can be written as
where ε α 's are the eigenvalues of Ω A and the sum runs over non-negative ε α . The vector n labels the eigenvectors of Ω A with its n α = 0, 1 being the occupation number of mode α. As Ω A is the single particle operator corresponding to Ω A it is usually referred as single particle Hamiltonian and set of ε α 's as the single particle entanglement spectrum [61] [62] [63] . Noting that ε α = − ln(λ (5) can also be written
where ν (ω) = α δ (ω − ε α ) is the particle-hole symmetric [ν (ω) = ν (−ω)] density of states of single-particle entanglement Hamiltonian Ω A and n f (ω) = 1 + e βω −1 (9) is the Fermi function taken in Eq. (8) to have unit temperature β = 1. In this form the interpretation of Eq. (8) is particular transparent, it is simply given by the sum of the entropies of the individual single particle states weighted a Fermi-statistics.
We study two different system geometries sketched in Fig. 2 .
Subregion of an infinite system. The correlation matrix of an infinite translational invariant superconducting system can be written as
with 
For the ground-state result that will be used in the following one can simply take the β → ∞ limit in which case n f becomes a Heaviside-theta function. Diagonalizing H (k) explicitly we are thus able to compute χ A by numerically performing the integral in Eq.(10) for r, r ∈ A.
Cylinder.
For a system placed in a cylindrical geometry (see Fig. 2 ) the correlations matrix χ factorizes as a function of the momentum of the compact direction (here taken to be k x ):
with H (k x ) the k x component of the Hamiltonian Fourier-transformed in the x direction and with open boundary conditions along the y direction. Further restricting this matrix to a subsystem A that respects translational invariance along the x direction, one may define
the k x -resolved single particle correlation matrix in the A domain. In the same way the entanglement Hamiltonian can be k x -resolved:
the contribution of each momentum sector and where ε α (k x ) are the eigenvalues of Ω A (k x ).
IV. RESULTS
The entanglement entropy, S[ρ A ], computed for a square L × L subregion of size L = 6 as a function of chemical potential and Zeeman term is given in Fig. 3 -left panel. The transition lines of Fig.1 although visible are not particularly well defined for such sub-system size. Taking derivatives of the entanglement entropy with respect to the chemical potential or the Zeeman term, as shown in Fig.3 -(center and right panels), reveals that, even for such small sub-systems, the entanglement entropy clearly signals the transition lines and assumes rather different dependencies with respect to the parameters ε F and M z , within the different phases. For the same geometry, Fig.4 shows the convergence of the rescaled derivatives of the entanglement entropy with system size, along the three phase-space cuts of Fig.3 , for relatively small values of L. Away from the phase transition lines, where the entanglement entropy clearly signals the transition, the derivative of the entanglement entropy is mildly varying within each phase displaying a plateaulike structure. Indeed, inside each phase the derivatives reach a set of values that are approximately proportional to the value of the Chern number of the respective phase, with a proper rescaling of about 0.1. Particularly, in the regime where the Chern number vanishes the entanglement entropy is fairly independent of the magnetization. Therefore, deep inside the phase, the derivative of the entanglement entropy may be used to determine, with a good degree of accuracy, the Chern number of each topological phase. This has also been observed for other phase-space cuts. Even though in the superconducting phase a quantization is not expected, the plateau-like structure provides a sensible signature of the phases. As shown before 19 , a similar result was obtained for the Hall conductivity and its derivatives. Even though the Hall conductivity is also not quantized, it allows a clear signature of the transitions between topological phases and, to some extent, provides information about the change in the Chern number, although it does not provide information about the actual Chern number. In that respect, the entanglement entropy provides a more detailed information about the topological phases. In the following we study separately the extensive (proportional to the perimeter) and non-extensive contributions to the entanglement entropy, their dependence on the topological phase and on the geometry of the boundary. We first consider the geometries displayed in the top panel of Fig.5 and compute the entanglement entropy using the methods explained in the previous sections. In the numerical calculations we typically consider systems of linear size L 30.
A. Entanglement entropy -extensive contribution Fig.5 -(bottom panel) shows ξ A obtained by fitting the asymptotic large perimeter (P ) limit for the different shapes along a cut in phase space where ε F = −1 is kept constant. The square (S), L-shaped (L) and the Ushaped (U) yield the same ξ A . The values of ξ A for the rotated square (rS) and the rotated L-shaped (rL) shapes also coincide but present a larger value than the one for S,L and U. This phenomena occurs as the two kinds of boundaries, labeled i and ii in the figure, have different orientations with respect to the underlying lattice. The inset shows that the ratios ξ rS /ξ S and ξ T /ξ S vary with M z and are therefore model specific.
The triangular-like shape (T) has mixed boundaries, having a fraction 2/(2 + √ 2) of type i boundary and a fraction √ 2/(2 + √ 2) of type ii. The values of ξ T lay between ξ S and ξ rS . In the inset it is shown that the behaviour of ξ T with M z can be reproduced definingξ T = (2ξ T + √ 2ξ rS )/(2 + √ 2). From these observations we conclude that ξ A varies with the specific details of the boundary and the ratio between different kinds of boundaries is not universal, depending on the specific details of the system. Nonetheless in systems with mixed boundaries their effect is additive and the total ξ A is an average over the ξ's of the different types of boundaries. Subregion of an infinite system. We now turn to the study of the non-extensive contributions. γ A for each geometry is obtained by fitting the sub-leading term of the entanglement entropy. Fig.6 -(left panel) shows the fitted value of γ L and γ U as a function of γ S obtained by varying the Zeeman coupling M z at fixed ε F = −1. This plot clearly shows that all the non-extensive contribution is due to the corners of the geometry. The effect of type I corners (see right panel) is additive as one obtains γ S /4 = γ L /6 = γ U /8 i.e. γ A = n A γ I with n A the number of corners of the geometry. A similar conclusion can be deducted from Fig.6 -(middle panel) for the type II corners. The numerical verification of this fact enables us to compute the relative contribution of each kind of corner to the entanglement entropy. Fig.6 -(right panel) shows the comparison of the different contributions as a function of M z . It can be observed that, even if the difference of the contributions of type I and type II corners is mild, type III corners have a substantially higher contribution. It was observed that the ratios γ II /γ I and γ III /γ I are dependent on the details of the system and are therefore non-universal quantities. A similar conclusion arrises when plotting γ A as a function of ξ A .
Vanishing of γ Topo . For a generic system, γ A may have contributions coming from the corners of the geometry as well as a topological one. For quadratic models the latter term is absent even if the system is in a non-trivial topological phase, as a topological insulator or superconductor. Note that the relations γ L = 3/2γ S and γ U = 2γ S obtained previously imply the absence of a topological term, since if present this would add a constant term to these relations. We now test the method described in Ref. 36 to compute the topological contribution, designed to minimise finite size effects. Here the so-called topological entanglement entropy is obtained considering three regions A, B, C (defined in Fig.3 of Ref. 36) and calculating
In the first panel of Fig. (7) we present results for L = 24, as a function of the chemical potential and Zeeman term. We consider the three regions A, B, C immersed in an infinite system, for which we may calculate the correlations matrix in terms of the momentum space solution of the topological superconductor. The results clearly show the transition lines between the various phases. However, a close look into the numerical results, shows that in some regions the topological entanglement entropy is positive but in some it is negative. This is particularly aggravated for small system sizes. However, as shown in the other panels of Fig. (7) , far from the transition lines, γ topo → 0, for all phases without distinction, as the system size grows. This is to be expected for a Z superconductor (related to the integer quantum Hall effect for which there is no topological order, in the sense of Wen 43, 64 ). Therefore, in these geometries the TEE does not distinguish the various phases. 1.5
Upper panel: Single-particle entanglement spectrum as a function of kx computed for a representative point of the different topological phases of Fig. 1 , corresponding respectively to { F , Mz} = {1., 2.}, {2., 1.}, {6., 1.}, {4., 2.}, {2. C. Cylinder geometry.
We now address the entanglement entropy contribution on a cylindrical geometry (C) (see Fig. 2 ) following Ref. 39 . For the numerical calculation we considered a cylinders up to L y = 70 and perimeter of varying sizes up to L x = 400.
Concerning the contribution that is extensive with the perimeter of the system P = L x , we find, as expected, a very good agreement between ξ S and ξ C as in this case the boundary is of type i (see Fig.5 ).
As this geometry has no corners, the non-extensive component of the entanglement entropy, γ C , receives contribution from edges states only. We find that in the topologically trivial phases 19, 48 , C = 0 (no edge states), γ C vanishes. In the topological phases we find that γ C ∼ − ln 2 when C = 0, −2 (4 edge states) and γ C ∼ −1/2 ln 2 when C = 1, −1 (2 edge states), as shown in Fig.1 . Thus, the contributions for the topological entanglement entropy can be written as γ C = −(1/2 ln 2)g edge , where g edge is the number of edge state pairs. Since the edge states are chiral, γ C seems to agree with the (1/2) ln(2) found in chiral spin liquids 64 . A similar result has been found for the Majorana mode of the n-channel Kondo model with n = 2, S = 1/2, due to the impurity contribution 65 . Analysing each α contribution to the entanglement entropy, as given in Eq.(5), we conclude that there is a reduced set of contributions that are independent of the system size. The remaining terms are not robust to changes in L x . Their extrapolation to the infinite size limit gives a positive contribution to γ A . Since all contributions to the entropy are positive, and since the robust modes are invariant with the system size these contribute a negative term to γ A . As it turns out, this contribution has a larger values than the positive one. This group of contributions give each a contribution of (1/2) ln(2) and are clearly related to the edge states. We have checked that in a square geometry there are no robust modes (as the perimeter changes all λ α values change as well).
In order to further understand these results we analyse in detail the entanglement spectrum for the cylinder geometry. Fig. (8) shows the single-particle entanglement spectrum for each of the phases of Fig. (1) as a function of k x . Note that since the Hamiltonian is particle-hole symmetric Ω (k x ) = −Ω (−k x ).
When the entanglement spectrum is gapless the zero energy mode is doubly degenerate. This feature as been observed previously in a superconductor 57 and in the study of the entanglement spectrum of the Kitaev model 66 . As a consequence, in the calculation of S kx , the degenerate states are responsible for an extra 1/2 ln 2 contribution: S kx =s(k x ) + 1/2 ln 2 p δ kx,kp , withs(k) a continuous function of k and where the k p 's (= 0, π in the examples of Fig. (8) ) are the values of the momentum for which the degeneracy arises. The functions (k x ) is plotted in Fig. (8) where the k p points are also identified. For large values of L x the entanglement entropy can be approximated by
replacing the sum over momentum values by an integral. This corresponds to ξ A = dkx 2πs (k x ) and γ C = − (1/2 ln 2) g edge . Fig. (8) shows a striking difference between the entanglement spectrum of topological insulators and topologically trivial states: for C = 0, small deformations of the entanglement "bands" do not lead to a gapless entanglement spectrum. For C = 0 two situations may arise: if there are no edge modes the entanglement spectrum is gapped (see Fig. (8) third panel) ; in the presence of edge modes, it is still possible to open up a gap by lifting the degeneracy arising at k p (see Fig. (8) second panel with k p = π).
In Ref. 63 a related but somehow different observation has been made by Hughes et al for the single-particle entanglement spectrum of Chern and spin Hall insulators. In their work the authors report that, for a trivial insulator with edge modes, even if the entanglement spectrum is gapless the bands that cross zero are disconnected from the rest of the spectrum.
V. DISCUSSION
In this work we have analysed the entanglement entropy of a two-dimensional topological p-wave superconductor. We have studied separately contributions to the entanglement entropy that are both extensive and nonextensive with the perimeter of the subsystem. The main conclusions of our work are the following:
i) The entanglement entropy clearly signals the topological transitions as its derivatives have sharp features around the transition lines, even for small systems sizes. Moreover, for our model, the derivative of the entanglement entropy with respect to the Zeeman term shows approximate plateaus that provide a sensible signature of each topological phase.
ii) Due to the gapped nature of the spectrum away from the transitions between the various topological phases, the entropy obeys an area law with a nonuniversal pre-factor that depends on the parameters of the Hamiltonian but also on the specificities of the boundary of the subsystem. We find that boundary contributions coming from different kinds of boundaries simply add on. Having a way to estimate ξ A based on the characteristic lengths of the problem would be insightful, however in this study we found no clear relation of ξ A with the characteristic decay length of various correlation functions.
iii) Contributions to the entanglement entropy related to corners and edges of the boundary were found to be non-universal both with respect to the Hamiltonian coupling constants but also to the orientation of the corners with respect to the underlaying lattice. We found that corners with smaller angles give a larger contribution to the entanglement entropy. Our findings suggests that a systematic study of the dependence of corner contributions as a function of its angle could be an interesting avenue to further investigations. iv) Even if the topological entanglement entropy vanishes inside each topological phase, finite size effects are considerable and are quite severe in the proximity of transition lines, at least for the finite systems considered here. Our work suggests that an alternative way to find γ Topo is to study the relation between non-extensive corrections of different geometries as a parameter of the Hamiltonian is changed within the same topological phase. For example for systems with non-vanishing γ Topo the generic relation of γ S and γ L is 3γ S − 2γ L = γ Topo . Fitting such relation yields a better estimation for the TEE. v) In a cylinder geometry the topological contribution to the entanglement entropy is finite and is in general negative. The reason is associated with a robust negative contribution due to the gapless edge states each contributing (1/2) ln 2 to the entropy, characteristic of Majorana edge states. The analysis of the entanglement spectrum shows that the extra contributions to the entropy are associated with spectral degeneracies.
